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Abstract
In this paper we consider relations between characteristic classes and fixed point sets of group
actions. The first such example of such a relation is Hopf’s theorem relating the zeroes of a vector
field on a manifold (fixed points of an action of R) to the Euler characteristic of the manifold. More
recent examples are given by the theorems of Atiyah and Segal (1968), Baum and Cheeger (1969),
Bott (1967), Bott and Baum (1970), Gómez (1982), Alamo and Gómez (1989), Daccach and
Wasserman (1985,1984), Jeffrey and Kirwan (1995), Guillemin and Kalkman (1996), Quillen (1971)
and Witten (1982). Such theorems are called residue theorems or localization theorems because
they relate a global invariant of a manifold to local invariants of the fixed point sets. An excellent
exposition of this point of view is given by Atiyah and Bott (1984). Ó 2000 Elsevier Science B.V.
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Introduction
Characteristic classes were originally defined for manifolds, for example, Stiefel classes,
and then extended to vector bundles, the Stiefel–Whitney classes. In this paper we consider
characteristic classes forG-manifolds in the original sense of characteristic classes (which
we call “natural classes” to avoid confusion). We show that fixed point sets of the action
give rise to such classes. We then prove a recognition theorem for finding relations among
natural classes of G-manifolds for G abelian. Finally, we illustrate the use of the theorem
by exhibiting some relations among natural classes for 3-manifolds with involution. For
example, we show that ω1F1 = F2 and ω21F1 + F 31 = F3 where Fi denotes the Poincaré
dual of the component of the fixed point set of codimension i and the ω’s are the Stiefel–
Whitney classes of the manifold.
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1. Preliminaries
1.1. Notation
If X is a G-space then Gx = {g ∈ G | gx = x};Gx is the isotropy subgroup at x . For
H ⊂G,
Fixed(X,H)= {x ∈X | gx = x for all g ∈H} and XH = {x ∈X |Gx =H}.
If pi :E→ X is a G-vector bundle with an invariant Riemannian metric then D(E) and
S(E), will denote respectively, the disk bundle of E and the unit sphere bundle of E. The
real projective bundle of E,RP(E), is obtained from S(E) by identifying v ∈ S(E) with
−v; L(E) denotes the line bundle associated to the covering S(E)→RP(E).
Definition. A submanifold A of a smooth manifoldM is said to be “nice” if
(i) A is closed,
(ii) ∂A⊂ ∂M , and
(iii) i :A⊂M is transverse to ∂M .
Note that “nice” submanifolds of M have tubular neighborhoods in M . If A is a “nice”
G-invariant submanifold of the G-manifold M then ν(A,M) (or just ν if the context is
clear) will denote the normal bundle of A in M; we shall identify ν with an equivariant
tubular neighborhood of A in M .
Also, if A is a “nice” submanifold of M then it is possible to blow-up A [15]. We next
recall this construction.
Definition. If A is a “nice” invariant submanifold of the G-manifold M , we define
B(A,M), the equivariant blow-up of A in M , by
B(A,M)=M #ARP(ν ⊕ 1),
where ν is the normal bundle of A in M , ν⊕ 1 denotes the Whitney sum of ν with a trivial
bundle, and #A denotes the connected sum along A.
Remark 1. Since RP(ν ⊕ 1)=D(ν) ∪f D(L(ν)) we may also write
M = B(A,M)#RP(ν)RP(ν ⊕ 1).
Alternatively, B(A,M) = (M − D(ν)) ∪f D(L(ν)) where the attaching map, f :
S(L(ν))→ S(ν), is the identity map or M = B(A,M)−D(L(ν)) ∪f−1 D(ν).
Informally,B(A,M) is obtained fromM by deleting the points of A and adding in lines
normal to A in M (if dim(A) < dim(M)).
Remark 2. If A is a “nice” submanifold of M having codimension k then D(A) ∈
Hk(M,Z2) will denote the Poincaré dual of A. The value of this cohomology class on
a cycle z ∈ Hk(M,Z2) represented by a map of a manifold f :Qk→M is given by the
cardinality (mod 2) of f ′−1(A) where f ′ is any approximation to f that is transverse to A.
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Notation. For G = Z2 we denote by R˜ the 1-dimensional representation space of G; if
g 6= e ∈ Z2 then g operates by multiplication by −1 on R˜.
2. Natural classes
Let C(G) denote a category whose objects are smooth G-manifolds and whose maps
are equivariant imbeddings with trivial normal bundle. That is, if a smooth equivariant
imbedding f :M→N is a map in C(G) then
f ∗T (N)≈ T (M)⊕M ×Rs,
where s = dimension N − dimensionM and G acts trivially on the Rs factor.
In this paper we shall only be concerned with the special case in which the objects of
C(G) are all smooth G-manifolds and whose maps are all equivariant imbeddings with
trivial normal bundle.
Definition. A natural class in dimension k on C(G) is a function z that assigns to each
manifoldM in C(G) a cohomology class z(M) ∈Hk(M,Z2) such that if f :M→N is a
map in C(G) then f ∗(z(N))= z(M). The group of natural classes for C(G) inHk(−,Z2)
is denoted by NATk(G).
Examples.
(1) The kth Stiefel–Whitney class of a manifold ωk ∈NATk(G).
(2) Any weighted homogeneous polynomial in natural classes (assigning weight k to a
natural class in dimension k) is a natural class, e.g., ω1ω2 +ω3.
(3) Any characteristic class of G-vector bundles becomes a natural class by applying
the class to the tangent bundle of the manifold.
(4) If z is a natural class in dimension k and P is a cohomology operation from
Hk(−,Z2) to Hk+t (−,Z2) then P ◦ z is a natural class in dimension k + t .
Note that (i) if A is an open submanifold of B, i :A ⊂ B then i∗(z(B)) = z(A) and
(ii) z(M ×R)= z(M) ∈H ∗(M)=H ∗(M ×R), i.e., natural classes are stable.
Remark 3. These two properties give an alternative definition of a natural class.
Also, to be precise one should refer to natural classes for C(G) in Hk(−;Z2) because
one can have natural classes for C(G) in any equivariant cohomology theory.
If G 6= e there are natural classes that are not of the form (3) and we now discuss these
fixed point classes.
If G is a compact Lie group and H ⊂G is a closed subgroup, then for any smooth G-
manifoldM we denote the fixed point set of H on M by Fixed(M,H)= {x ∈M | hx = x
for all h ∈ H }. The components of Fixed(M,H) are N(H)-invariant submanifolds of M
of varying dimension. At each point x ∈ Fixed(M,H) the action of H on the normal
bundle of Fixed(M,H) in M defines a representation of H (without fixed points) that is
constant on components of Fixed(M,H). We denote by Fixed(M,H,ρ) the union of the
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components of the fixed point set Fixed(M,H) having normal representation ρ. (We will
only use the notation Fixed(M,H,ρ) when ρ is a fixed point free representation of H .)
Note that the codimension of any component of Fixed(M,H,ρ) is just the dimension of ρ
and hence, Fixed(M,H,ρ) is a manifold. In fact, Fixed(M,H,ρ) is a “nice” H -invariant
submanifold ofM . Thus, by Remark 2,D(Fixed(M,H,ρ)) ∈Hk(M,Z2) is defined where
k = dimension ρ. We write D(M,H,ρ) for D(Fixed(M,H,ρ)).
Proposition 1. D(−,H,ρ) ∈NATk(G).
Proof. The proof is immediate using the alternative definition of Remark 3. Otherwise, it
remains to show that if f :M→N is a map in C(G) then f ∗(D(N,H,ρ))=D(M,H,ρ).
We will use the fact that for any smooth map h :X→ Y of manifolds and any “nice”
submanifold A of Y,h∗(D(A)) = D(h−1(A)) providing h is transverse to A. Applying
this fact to f reduces the problem to showing
(i) f is transverse to Fixed(M,H,ρ) and
(ii) f−1(Fixed(N,H,ρ))= Fixed(M,H,ρ).
Since f is an imbedding f−1(Fixed(N,H)) = Fixed(M,H). Let x ∈ Fixed(M,H,ρ′)
and f (x) = y ∈ Fixed(N,H,ρ); we will show that dfx :T (M)x → T (N)y defines an
isomorphism between ρ′ and ρ. Since f is a map in C(G), H acts trivially on the
cokernel of dfx :T (M)x→ T (N)y ; however,H acts without fixed points on ρ, the normal
representation of H on Fixed(N,H,ρ). Thus, f is transverse to Fixed(N,H,ρ) and df
yields a G-equivariant isomorphism
df˜x : ν
(
f−1
(
Fixed(N,H,ρ)
)
,M
)→ ν(Fixed(N,H,ρ),N).
In particular, at each x ∈ Fixed(M,H,ρ′)df˜x is H -equivariant isomorphism and hence,
ρ = ρ′. 2
Example 5. Let G= Z2 and let M = RP(R3 ⊕ R˜)≈ RP3 where G operates trivially on
R3 and by multiplication by −1 on R˜. All the Stiefel–Whitney classes of M vanish but
D(M,Z2, R˜)=D(RP2) 6= 0 ∈H 1(M;Z2).
Thus the natural class D(−,Z2, R˜) in C(Z2) is not a polynomial in the Stiefel–Whitney
classes of M .
Even more is true:
Proposition 2. Some fixed point classes D(−,H,ρ) are not of the form (3), that is, there
is a class D(−,H,ρ) that cannot be expressed as a polynomial in characteristic classes
of G-vector bundles applied to the tangent bundle of M .
Proof. Rather than compute the cohomology of the classifying space forG-vector bundles
in dimension n, H ∗(BO(n,G);Z2), we consider another example.
Example 6. Let G= Z2 and let M1 =RP(R2 ⊕ R˜)≈RP2 where G operates trivially on
R2 and by multiplication by −1 on R˜ and let M2 = RP2 × Z2 with Z2 operating freely
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via the second factor. Then there is an equivariant submersion p, from M2 onto M1 which
induces an equivariant bundle map from T (M2) onto T (M1). Thus, for any characteristic
class z for G-vector bundles, p∗(z(M1)) = z(M2). However, in cohomology, p∗ is an
injection, D(M1,Z2, R˜) 6= 0 but D(M2,Z2, R˜)= 0; thus p∗(z(M1)) 6= z(M2) and hence,
D(−,Z2, R˜) is not a characteristic class for G-vector bundles.
Problem 1. Determine the natural classes in Hk(−;Z2) for C(G). Are they all generated
by the Stiefel–Whitney classes, the fixed point classes, and the operations of Examples 2
and 4 above?
3. Relations between natural classes
IfH1 and H2 are conjugate subgroups of the groupG, H1 = gH2g−1 say, then the fixed
point class D(M,H1, ρ)= g−1∗D(M,H2, ρ′) where g−1∗ :H ∗(M;Z2)→H ∗(M;Z2) is
the map induced on cohomology by x 7→ g−1x and ρ′ = ρ ◦ Cg where Cg :G→ G is
conjugation by g, Cg(x) = gxg−1. In particular, if g is in the identity component of G
then we have the trivial relation D(M,H1, ρ)=D(M,H2, ρ′).
Definition. Let H1 = gH2g−1 and ρ′ = ρ ◦ Cg where g ∈Ge and ρ is a fixed point free
representation of H1. Then the pairs (H1, ρ) and (H2, ρ′) are said to be conjugate in G.
The conjugacy class of a pair (H,ρ) is denoted by [H,ρ].
Note that (H1, ρ) and (H2, ρ′) are conjugate inG iff (H1, ρ) and (H2, ρ′) are conjugate
in Ge, the identity component of G.
LetG be a compact Lie group and let Λ(G)= Z2[ω1,ω2,ω3, . . . [H1, ρ1], [H2, ρ2], . . .]
be the polynomial algebra over Z2 generated by the symbols ω1,ω2,ω3, . . . , [H1, ρ1],
[H2, ρ2], . . . where, for each j, Hj is a closed subgroup of G and ρj is a fixed point
free representation of Hj . There is a map e :Λ(G)→ NAT∗(G) given by e(ωj )(M) =
ωj (M), the j th Stiefel–Whitney class of M , and e([H1, ρ1])(M) = D(M,H1, ρ1), etc.
A polynomial p ∈ Λ(G) such that e(p)(M) = 0 for all n-dimensional G-manifolds is
called a relation over Z2. We denote by Rn(G) the group of all relations; Rn(G)k will
denote the relations in dimension k. That is, Rn(G) is the group of polynomial relations
over Z2 satisfied by the Stiefel–Whitney classes and fixed point classes on C(G) for all
n-dimensional manifolds in C(G).
Problem 2. Determine Rn(G).
The answer to Problem 2 in the case G= e was given by Brown and Peterson [8] Rn(e)
is generated by the Wu relations: vi = 0 if i > n/2.
LetA denote the Steenrod algebra and, as above, letΛ′(G)=A[ω1,ω2,ω3, . . . [H1, ρ1],
[H2, ρ2], . . .] be the polynomial algebra over A generated by the symbols ω1,ω2,ω3, . . . ,
[H1, ρ1], [H2, ρ2], . . . where, for each j,Hj is a closed subgroup of G and ρj is a
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fixed point free representation of Hj . There is a map e′ :Λ′(G)→ NATk(G) given by
e′(ωj )(M)= ωj (M), the j th Stiefel–Whitney class of M ,
e′
([H1, ρ1])(M)=D(M,H1, ρ1), and e′(Sqj z)(M)= Sqj (z(M)),
etc. A polynomial p ∈Λ′(G) such that e′(p)(M)= 0 for all n-dimensional G-manifolds
is called a relation over A. We denote by R′n(G) the ideal of all relations. That is, R′n(G)
is the group of polynomial relations over A satisfied by the Stiefel–Whitney classes and
fixed point classes on C(G) for all n-dimensional manifolds in C(G).
Problem 3. Determine R′n(G).
We will address Problem 2 in Section 5.
4. Recognition principle
The main theorem of this section states that, for G abelian, a relation holds for
G-manifolds iff the relation holds for certain special types of G-manifolds-restricted
projective bundles and nonsingularG-manifolds [19]. The proof is based on the following
proposition which relates blowups to relations. Note that the proof of this proposition does
not require G to be abelian.
Proposition 3. Let A be a “nice” submanifold of the n-manifold M with normal bundle
ν. If z is a natural class on C(G) and z(RP(ν ⊕ 1)) = 0 then z(M) = 0 if and only if
z(B(A,M))= 0.
Before we give the proof of Proposition 3 we need two lemmas.
Let A be a “nice” submanifold of the n-manifold M with normal bundle ν. We
construct the (n + 1)-manifold W = M × I ∪ RP(ν ⊕ 1) × I ∪j D(ν) × I where j
is the inclusion of D(ν) × {0} in M × {0} and D(ν) × {1} in RP(ν ⊕ 1) × {1}. Since
B(A,M)=M #ARP(ν ⊕ 1) we have that
∂W =M × {1} ∪B(A,M)∪RP(ν ⊕ 1)× {0} =M ∪B(A,M) ∪RP(ν ⊕ 1).
We have the inclusions i :M ⊂W, p :RP(ν ⊕ 1)⊂W, q : B(A,M)⊂W .
Lemma 4. Let z ∈Hk(W,Z2) and suppose that i∗(z)= 0 ∈Hk(M,Z2) and p∗(z)= 0 ∈
Hk(RP(ν ⊕ 1),Z2); then q∗(z)= 0 ∈Hk(B(A,M),Z2).
Proof. Let X1 =M × I ∪j D(ν)× [0,1/2] and X2 = RP(ν⊕ 1)× I ∪j D(ν)× [1/2,1].
Then W = X1 ∪ X2 and X1 ∩ X2 = D(ν) × {1/2} ≈ A. Applying the Mayer Vietoris
sequence (with Z2 coefficients) we get
→Hk−1(A)→Hk(W)→Hk(X1)⊕Hk(X2)→Hk(A)→ .
Now X1 ≈ M and X2 ≈ RP(ν ⊕ 1) and so z goes to 0 by assumption. We next show
that the map Hk(X2)→Hk(A) is onto. To that end it suffices to note that the projection
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pi :RP(ν ⊕ 1)→ A admits a section, i.e., A ≈ RP(1) ⊂ RP(ν ⊕ 1). Thus, Hk(W)→
Hk(X1)⊕Hk(X2) is injective and hence, z= 0 so q∗(z)= 0 ∈Hk(B(A,M)). 2
With A and ν as above, let L(ν) denote the normal bundle of RP(ν) in RP(ν ⊕ 1). We
construct the (n + 1)-manifold W ′ = B(A,M) × I ∪ RP(ν ⊕ 1) × I ∪j ′ D(L(ν)) × I
where j ′ is the inclusion of D(L(ν)) × {0} in B(A,M) × {0} and D(L(ν)) × {1} in
RP(ν ⊕ 1)× {1}. Since B(A,M)=M #ARP(ν ⊕ 1) we have that
∂W ′ =M ∪B(A,M)× {1} ∪RP(ν ⊕ 1)× {0} =M ∪B(A,M) ∪RP(ν ⊕ 1).
We have the inclusions
q ′ :M ⊂W ′, p′ :RP(ν ⊕ 1)⊂W ′, i ′ : B(A,M)⊂W ′.
Lemma 5. Let z ∈ Hk(W ′,Z2) and suppose that i ′∗(z) = 0 ∈ Hk(B(M,A),Z2) and
p′∗(z)= 0 ∈Hk(RP(ν ⊕ 1),Z2); then q∗(z)= 0 ∈Hk(M,Z2).
Proof. The proof is similar to the proof of Lemma 4 above. This time we let X1 =
B(A,M)× I ∪j D(L(ν))×[0,1/2] andX2 =RP(ν⊕1)× I ∪j D(L(ν))×[1/2,1]. Then
W ′ = X1 ∪X2 and X1 ∩X2 = D(L(ν)) × {1/2} ≈ RP(ν). Applying the Mayer Vietoris
sequence (with Z2 coefficients) we get
→Hk−1(RP(ν))→Hk(W)→Hk(X1)⊕Hk(X2)→Hk(RP(ν))→ .
Now X1 ≈ B(A,M) and X2 ≈ RP(ν ⊕ 1) and so z goes to 0 by assumption. We next
show that the map Hk(X2)→ Hk(RP(ν)) is onto. To that end it suffices to note that
H ∗(X2) ≈ H ∗(RP(ν ⊕ 1)) is a free module over H ∗(A) generated by {1, t, t2, . . . , tn}
where n= dimension ν and t ∈H 1(RP(ν⊕1),Z2) is any class whose restriction to a fiber
RPn is the generator of H 1(RPn,Z2). Similarly,H ∗(RP(ν)) is a free module overH ∗(A)
generated by {1, s, s2, . . . , sn−1} where s ∈ H 1(RP(ν),Z2) is any class whose restriction
to a fiber RPn−1 is the generator of H 1(RPn−1,Z2). Since the generator of H 1(RPn,Z2)
restricts to the generator of H 1(RPn−1,Z2) we may take s to be the restriction of t . Thus,
Hk(X2)→Hk(RP(ν)) is onto, andHk(W ′)→Hk(X1)⊕Hk(X2) is injective and hence,
z= 0 so q ′∗(z)= 0 ∈Hk(M). 2
Remark 4. In the application to Proposition 3, M is a G-manifold and A is an invariant
submanifold hence W, W ′, and RP(ν ⊕ 1) are also G-manifolds.
Remark 5. The manifolds W and W ′ are equivariantly diffeomorphic but we do not
require that fact here.
Proof of Proposition 3. We suppose z(M)= 0 and apply Lemma 4 with z= z(W). Note
that the condition i∗(z)= 0 ∈Hk(M,Z2) is satisfied because i∗(z)= i∗(z(W))= z(M) by
the definition of a natural class (i :M ⊂W is a map in C(G)) and we have supposed that
z(M) = 0. The condition p∗(z) = 0 ∈ Hk(RP(ν ⊕ 1),Z2) is satisfied because p∗(z) =
p∗(z(W)) = z(RP(ν ⊕ 1)) by the definition of a natural class (p : RP(ν ⊕ 1) ⊂ W is a
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map in C(G)) and we have supposed that z(RP(ν ⊕ 1)) = 0. We conclude that q∗(z) =
0 ∈ Hk(B(A,M),Z2). But 0 = q∗(z) = q∗(z(W)) = z(B(A,M)) by the definition of a
natural class (q : B(A,M)⊂W is a map in C(G)).
We next suppose z(B(A,M)) = 0 and apply Lemma 5 with z = z(W ′). Note that
the condition i ′∗(z) = 0 ∈ Hk(B(A,M),Z2) is satisfied because i ′∗(z) = i ′∗(z(W)) =
z(B(A,M)) by the definition of a natural class (i ′ : B(A,M)⊂W ′ is a map in C(G)) and
we have supposed that z(B(A,M)) = 0. The condition p′∗(z)= 0 ∈ Hk(RP(ν ⊕ 1),Z2)
is satisfied because p′∗(z)= p′∗(z(W))= z(RP(ν⊕ 1)) by the definition of a natural class
(p′ : RP(ν ⊕ 1) ⊂W ′ is a map in C(G)) and we have supposed that z(RP(ν ⊕ 1)) = 0.
We conclude that q ′∗(z) = 0 ∈ Hk(M,Z2). But 0 = q ′∗(z) = q ′∗(z(W)) = z(M) by the
definition of a natural class (q ′ :M ⊂W is a map in C(G)). 2
We now recall the definition of a nonsingularG-manifold [19].
Definition. An action of a compact abelian group G on a manifold M with principal
isotropy subgroup = e is said to be nonsingular (or M is said to be a nonsingular G-
manifold) if
(i) for each x ∈M, Gx is a Z2-vector space and
(ii) codimensionMGx = dimGx as a Z2-vector space.
The main theorem of [19] states that any action of an abelian Lie group can be
transformed into a nonsingular action by a sequence of equivariant blow-ups.
Theorem [19]. If the compact abelian Lie group G acts effectively on a smooth,
compact manifold M and ∂M = φ then there is a finite sequence of G-manifolds and
G-submanifolds (Mi,Ai), i = 0,1, . . . , s, such that (i) M0 =M , (ii) for each i, Ai is a
“nice” submanifold of Mi , (iii) Mi+1 = B(Ai,Mi), and Ms is a nonsingularG-manifold.
With (Mi,Ai), i = 0,1, . . . , s, as given by the theorem above let νi denote the normal
bundle of Ai in Mi, i = 0,1, . . . , s.
Proposition 6. Let z ∈Λ(G); if e(RP(νi⊕1))(z)= 0 for i = 1,2, . . . , s, and e(Ms+1)(z)=
0 then e(M)(z)= 0.
Proof. By induction; e(Ms+1)(z) = 0 starts the induction and Proposition 3 is the
inductive step in the proof. 2
Similarly, we have:
Proposition 7. Let z ∈ Λ′(G); if e′(RP(νi ⊕ 1))(z) = 0 for i = 1,2, . . . , s, and
e′(Ms+1)(z)= 0 then e′(M)(z)= 0.
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Summing up the previous results we have:
Theorem 8 (Recognition Theorem). Let z ∈Λ(G) (respectivelyΛ′(G)); then z ∈Rn(G)
(respectively R′n(G)) iff e(M)(z) = 0 (respectively e′(M)(z) = 0) for n-dimensional G-
manifolds that are nonsingular and for n-dimensionalG-manifolds of the formRP(νi⊕1).
The usefulness of Theorem 8 follows from the fact that (i) nonsingular G-manifolds
are rather simple and it is usually fairly easy to determine the ideal in Λ(G) or Λ′(G)
annihilated by nonsingularG-manifolds and (ii) the bundles νi that must be considered are
rather limited.
We will illustrate the use of Theorem 8 in the next section by determining R2(Z2) and
R3(Z2).
5. Calculations
In this section we determine the groups R2(Z2) and R3(Z2).
Notation. Z2{a, b, c . . .} will denote the Z2 vector space generated by a, b, c . . .
ForG= Z2 we denote by Fj the cohomology classD(M,Z2, ρj )where ρj is the unique
fixed point free representation of Z2 in dimension j . The representation space of ρ1 is just
R˜.
To calculate R2(Z2) say, we look at the vector spaces Λ2(Z2)1 = Z2{ω1,F1} and
Λ2(Z2)2 = Z2{ω21,ω2,F 21 ,F2,ω1F1} and consider the intersection of the kernels of e(M1)
and e(M2) where M1 =RP(R˜2⊕ 1) and M2 =RP2×Z2. In dimension 1 the intersection
is 0 since ω1(M1)= F1(M1) 6= 0 while ω1(M2) 6= F1(M2) so R2(Z2)1 = 0. In dimension
two the intersection of the kernels of e(M1) and e(M2) is Z2{F 21 + F2,ω1F1 + F2,ω21 +
ω2}. Since Rn(G) ⊃ Rn(e) and ω21 + ω2 ∈ R2(e) it suffices to prove that for any 2-
manifoldM with involution F 21 +F2 = 0 and ω1F1+F2 = 0. By Theorem 8 it is sufficient
to prove that the relations hold for manifolds of the form RP(ν ⊕ 1) and for nonsingular
manifolds. There is only one manifold of the form RP(ν ⊕ 1) in dimension two, M1, and
we have already remarked that the relations hold for M1. It thus will suffice to prove that
the relations hold for nonsingular 2-manifolds. We first recall a theorem of [19] about the
tangent bundle of a nonsingular Z2-manifold.
Proposition 9 [19]. If M is a nonsingular Z2-manifold M and ∂M = ∅ then M/Z2 is a
manifold with boundary and there is a short exact sequence of Z2-vector bundles
0→ ν→ T (M)⊕ (1)→ pi∗T (M/Z2)→ 0,
where ν is the Z2-line bundle generated by A = Fixed(M,Z2). Thus, the total Stiefel–
Whitney classes are related by W(M)= pi∗W(M/Z2)∪ (1+ F1).
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We will need one further fact about nonsingular Z2-manifolds:
Theorem 10. If M is a closed nonsingular Z2-manifold then there exists a class α ∈
H 1(M/Z2;Z2) such that pi∗(α)= F1.
We defer the proof of this fact until Section 6.
Proposition 11. R2(Z2)= Z2{F 21 + F2,ω1F1 + F2,ω21 +ω2}.
Proof. Since F2 = 0 for a nonsingular Z2-manifold it remains to be shown that, for a
nonsingular 2-manifold, F 21 = 0 and ω1F1 = 0. Let M be a nonsingular Z2-manifold of
dimension 2. Then by Proposition 9,
W(M)= pi∗W(M/Z2)∪ (1+ F1)
so
ω1(M)= pi∗ω1(M/Z2)+ F1 = pi∗ω1(M/Z2)+ pi∗(α).
Thus
ω1F1 =
(
pi∗ω1(M/Z2)+ pi∗(α)
)∪ pi∗(α)= pi∗y
for some y ∈ H 2(M/Z2;Z2) and F 21 = pi∗(α2). Assume that M/Z2 is connected; then
either Fixed(M,Z2) = ∅ and F1 = 0 or Fixed(M,Z2) 6= ∅ and M/Z2 is a 2-manifold
with boundary 6= ∅ so H 2(M ′/Z2;Z2) = 0 and hence, y = 0 and α2 = 0. In either
case ω1F1 = 0 and F 21 = 0. If M/Z2 is not connected we repeat the argument for each
component.
For R3(Z2), we consider
Λ3(Z2)1 = Z2
{
ω1,F1
}
, Λ3(Z2)2 = Z2
{
ω21,ω2,F
2
1 ,F2,ω1F1
}
and
Λ3(Z2)3 = Z2
{
ω31,ω1ω2,ω3,F3,F
3
1 ,F1F2,ω1F
2
1 ,ω1F2,ω2F1,ω
2
1F1
}
.
Consider the intersection of the kernels of e(M3), e(M4) and e(M5)whereM3 =RP(R˜3⊕
R), M4 =RP(R˜2 ⊕R)× S1 where Z2 acts trivially on the S1 factor and M5 =RP2× S1
where Z2 acts freely on the S1 factor. In dimension 1 the intersection is 0 since ω1(M3)=
0, F1(M3) 6= 0 while ω1(M5) 6= 0, F1(M5) = 0 so R3(Z2)1 = 0. In dimension two the
intersection of the kernels of e(M3), e(M4) and e(M5) is Z2{ω1F1 + F2, ω21 + ω2}.
Since ω21 + ω2 ∈ R3(e) it suffices to prove that for any 3-manifold M with involution
ω1F1 +F2 = 0. By Theorem 8 it is sufficient to prove that the relation holds for manifolds
of the form RP(ν⊕ 1) (where ν is the normal bundle of a fixed point set of codimension 6=
1) and for nonsingular manifolds. There are three manifolds of the form RP(ν ⊕ 1) in
dimension three, M3, M4, and M6, the nontrivial RP2 bundle over S1. We have already
remarked that the relation holds for M3 and M4. We next show that the relation holds
for M6.
We can describe M6 as RP(1′ ⊕ L⊕ 1) where 1 denotes a trivial bundle over S1 with
trivial Z2 action, 1′ denotes a trivial bundle over S1 on which Z2 acts as −1, and L is a
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nontrivial bundle over S1 on which Z2 acts as −1.M6 is an RP2 bundle over S1 and hence,
H ∗(M6;Z2) is a free module overH ∗(S1;Z2)= Z2{1, β} on a generator t ∈H 1(M6;Z2);
we may choose t = F1. Since ω1(L) 6= 0, we must have ω1(L) = β and t3 = βt2; since
Sq1(t2)= 0 and Sq1(βt) 6= 0, we have that v1 = t + β = ω1. Thus ω1F1 = t2 + βt . Now,
F2 is Poincaré dual to RP(1); since RP(1) ∩ RP2 6= 0 (RP2 denotes a fiber), F2 = βt or
t2 or t2 + βt . Finally, since F1 ∪ F2 = 0 (because F(M,Z2, R˜) ∩ (F (M,Z2,R2′) = ∅)
we must have F2 = t2 + βt . Thus, ω1F1 + F2 = 0 holds for all 3-manifolds of the form
RP(ν ⊕ 1).
To complete the calculation we must show that the relation holds for nonsingular
manifolds. Let M be a nonsingular Z2-manifold of dimension 3. Since M is nonsingular,
F2 = 0. We now use the fact that ω21+ω2 = 0 forM and forM/Z2 to show that ω1F1 = 0.
Thus,
0= ω1(M)2 +ω2(M)
= (pi∗ω1(M/Z2)+F1)2 + pi∗ω2(M/Z2)+ pi∗ω1(M/Z2)F1
= pi∗ω1(M/Z2)2 + F 21 + pi∗ω2(M/Z2)+ pi∗ω1(M/Z2)F1
= pi∗(ω1(M/Z2)2 +ω2(M/Z2))+ F1(F1 + pi∗ω1(M/Z2))
= F1ω1(M).
Hence, we have proved:
Proposition 12. R3(Z2)2 = Z2{ω1F1 + F2,ω21 +ω2}.
To calculate R3(Z2)3, we note that dimension Λ3(Z2)3 = 10. The intersection of
the kernels of e(M3) and e(M6) is 8-dimensional since F3(M3) 6= 0, F3(M6) = 0,
ω21F1(M3)= 0, and ω21F1(M6) 6= 0. We will show that dimension R3(Z2)3 = 8.
Proposition 13. R3(Z2)3 = Z2{ω31,ω1ω2,ω3,ω21F1+ω1F2,ω21F1+ω2F1,ω1F 21 +F1F2,
F1F2,F3 + F 31 +ω21F1}.
Proof. The first three relations are in R3(e); the next three are just multiples of relations
in R3(Z2)2; the relation F1F2 holds because F(M,Z2, R˜)∩ (F (M,Z2,R2′)= ∅ as noted
above. The last relation F3 + F 31 +ω21F1 = 0 is new and that is what we must now prove.
As above, we must check M3, M4, and M6, and nonsingular manifolds. For M3,ω1 = 0
and F3 = F 31 ; for M4,ω1 = F1 and F3 = 0; for M6,ω1 = t + β, F1 = t and F3 = 0. Thus
the relation holds for manifolds of the form RP(ν ⊕ 1).
If M is a nonsingular Z2-manifold of dimension 3 then F2 = F3 = 0 so we must show
that F 31 + ω21F1 = 0. Assume first that M/Z2 is connected. If F1 = 0 we are clearly
done; if not, M/Z2 is a connected 3-manifold with non empty boundary and hence,
H 3(M/Z2;Z2) = 0. By Proposition 12, ω1F1 + F2 = 0 so ω1F1 = 0 and hence, we
need only show F 31 = 0. By Theorem 10, there exists a class α ∈ H 1(M/Z2;Z2) such
that pi∗(α)= F1. Thus, F 31 = pi∗(α3)= 0. If M/Z2 is not connected we repeat the above
argument for each component of M/Z2. 2
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6. Nonsingular Z2-manifolds
Proposition 14. There is a one to one correspondence between nonsingular closed Z2-
manifolds M of dimension n and pairs (Q,α) where Q is a compact n-manifold with
boundary and α ∈H 1(Q;Z2).
Proof. Let M be a nonsingular compact Z2-manifold of dimension n without boundary
and let F denote the fixed point set of M; F is a closed submanifold of codimension one.
Let U be an invariant tubular neighborhood of F ; then U/Z2 is a collar neighborhood
of F , the boundary of M/Z2, in M/Z2. The 2-fold cover M − U → (M − U)/Z2 is
classified by a cohomology class α ∈ H 1((M − U)/Z2;Z2). Because F is collared in
(M − U)/Z2 ≈M/Z2, H 1((M − U)/Z2;Z2)=H 1(M/Z2;Z2). The correspondence is
then given as follows:
Q=M/Z2 and α ∈H 1(M/Z2;Z2)=H 1
(
(M −U)/Z2;Z2
)
.
The inverse is given as follows: given (Q,α) we construct the 2-fold cover of Q, Q′,
determined by α. The boundary of Q′, ∂Q′, is a 2-fold cover of ∂Q; let L denote the line
bundle associated to this double cover with Z2 acting as −1. Let f : ∂Q′ → S(L) be an
equivariant diffeomorphism. Let M =Q′ ∪f D(L). Clearly M is a closed manifold with
involution and Fixed(M,Z2)≈ ∂Q so M is nonsingular. One quickly checks now that this
is a one to one correspondence. 2
We are now ready to prove Theorem 10 which we restate here.
Theorem 10. If M is a closed nonsingular Z2-manifold with projection p :M→M/Z2
then there exists a class α ∈H 1(M/Z2;Z2) such that pi∗(α)= F1.
Proof. From Proposition 14 there corresponds to every closed nonsingular Z2-manifold a
class α ∈H 1(M/Z2;Z2) and we will show that for this α, pi∗(α)= F1.
There is a one to one correspondence between line bundles E on a (nice) space X and
H 1(X;Z2) given byE→ ω1(E). So let p :L→M/Z2 be the line bundle onM/Z2 having
ω1(L)= α. We will show that pi∗α = ω1(pi∗L).
The fixed point set of M, A = Fixed(M,Z2), is a codimension one invariant
submanifold of M; let ν be the Z2-line bundle generated by A; then F1 = ω1(ν). The
bundle ν is characterized by the fact that there is a smooth section, transverse to the zero
section, that vanishes precisely on A. See [19, Proposition 25]. To prove the theorem we
will construct a section s of pi∗(L) that is transverse to the zero section and vanishes
precisely on A.
In view of Proposition 14 there is an equivariant tubular neighborhood O of A in
M diffeomorphic to p′ :D(L|A)→ A and pi :M − O → (M − O)/Z2 is equivariantly
diffeomorphic to p :S(L|(M −O)/Z2)→ (M −O)/Z2. We have
pi∗L|(M −O)= {(v1, v2) ∈ S(L|(M −O)/Z2)×L|p(v1)= p(v2)}
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and a tautological section s1 :M −O→ pi∗L|(M −O) given by s1(v)= (v, v). Next,
pi∗L|O = p′∗L|A= {(v1, v2) ∈D(L|A)×L|A|p′(v1)= p(v2)}
has a tautological section s2 given by s2(v)= (v, v). Since the sections s1 and s2 agree on
the overlap of their domains of definition, ∂O ≈ S(L|A), they define a section s of pi∗L
that vanishes precisely on A and that is differentiable in a neighborhood of the zero set.
(The section fails to be differentiable on ∂O but can be smoothed without introducing any
further zeroes.) Clearly s is transverse to the zero section so ω1(pi∗L)=D(A)= F1; thus
F1 = pi∗(α). 2
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